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ABSTRACT. The deviations of a graded algebra are a sequence of integers that
determine the Poincaré series of its residue field and arise as the number of
generators of certain DG algebras. In a sense, deviations measure how far a
ring is from being a complete intersection. In this paper, we study extremal
deviations among those of algebras with a fixed Hilbert series. In this setting,
we prove that, like the Betti numbers, deviations do not increase when passing
to an initial ideal and are maximized by the lex-segment ideal. We also prove
that deviations grow exponentially for Golod rings and for certain quadratic
monomial algebras.

1. INTRODUCTION

Let R = S/I, where S = k[T1,...,Ty] is a polynomial ring over a field k£ and
I C (Th,...,T,)?* is a homogeneous ideal. With the pair (S, R) we can associate
two important sets of Betti numbers, namely

B2 (R) = dimy, Tor? (R, k) and BE(k) = dimy, Tor®(k, k).

Equivalently, these numbers are given by the ranks of the free modules appearing in
minimal free resolutions of R over S and k over R respectively. To avoid confusion,
and to emphasize that the latter sequence is typically infinite, we will often refer
instead to the Poincaré series PR(z) = Y72, BF(k)z*. Much work has been devoted
to studying the growth of Betti numbers for various classes of rings. For instance,
by the Auslander-Buchsbaum-Serre Theorem, P(z) is a polynomial if and only
if R is regular, i.e., a polynomial ring. In the next simplest case, the sequence
{BE(k)} has polynomial growth if R is a complete intersection (cf. [33]). Finally, if
R is not a complete intersection, then the 57 (k) have exponential growth (cf. [4]).

In this paper we study Betti numbers from the point of view of a related invariant:
the set of deviations of R. Since Pf(z) has integer coefficients and constant term
equal to 1, there exist uniquely determined integers €; = ¢;(R), called the deviations
of R, such that the following infinite product expansion holds (cf. [5 7.1.1]):

oo

14 2i—1je2i1
(1.1) PE(2) = Hﬁ
i=1
In the sense explained in Remark 2] the deviations measure the complexity
of R. They play a crucial role in Avramov’s proof that the complete intersection
property localizes (cf. [3]). In addition, the ¢;(R) appear naturally as the number of
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generators of degree 7 in an acyclic closure of k£ over R, as the number of generators
of degree i — 1 in a minimal model of R over S, and as the ranks of the components
of the homotopy Lie algebra of R; cf. Section

Our first results concern the deviations of algebras with fixed embedding dimen-
sion and Hilbert function. In Theorem [B.Il we prove that, for any term order <,
the algebra presented by in.I has larger deviations than R. Moreover, we show
in Theorem [B.4] that the algebra presented by the lex-segment ideal has the largest
deviations. This is a generalization of a result of Peeva which states that the lex-
segment ideal attains the largest values of Pf(z) among all I with the same Hilbert
function (cf. [27]). Peeva’s theorem in turn relies on its analogue for 37 (R), which
is due to Bigatti, Hulett, and Pardue (cf. [I0/241[26]). Our methods use their
techniques to provide a proof in all characteristics. In characteristic zero, we also
present a simpler proof using Golod rings. Golod rings are those rings R whose
Poincaré series is maximal among all ideals with a fixed embedding dimension and
set of Betti numbers 37 (R); see [25, 6.16] for examples of Golod rings. In partic-
ular, if R is a Golod ring, then Pf(2) is a rational function of z determined by
B7(R) and edim R.

In the second half of the paper we turn to an analysis of the asymptotic behavior
of deviations. A result of Babenko shows that the radius of convergence of the
generating function of the ;(R) coincides with that of Pf(z), when R is not a
complete intersection (cf. [7, Theorem 1]). Furthermore, there exist subsequences
of {e;(R)} that are not too sparse and have an exponential lower bound, provided
that R is not a complete intersection (cf. [4[15]). In Theorem A3 and Theorem
44 we prove that, for Golod rings and for certain Koszul algebras, the sequence of

deviations is asymptotically equal to {bT’.)l}@l for some p > 1,b € N.

2. PRELIMINARIES

We now introduce the notions of acyclic closures and minimal models, and how
they encode the deviations. We set up some notation and generally follow [5]
throughout the paper. Although the results therein are proved for local rings, they
can be extended to the graded case with minor changes in the proofs (cf. [5] 8.3.7];
see also [0]).

Let A = @i>0 A; be a DG algebra such that Ay is a Noetherian standard
graded algebra over a field. Assume that A is bi-graded with internal and homo-
logical degree; we will denote homological degree by |- | and internal degree by
deg(:). For the differential we have |0] = —1 and deg(9) = 0. It follows from
the Leibniz rule for 0 that the cycles form a bi-graded subalgebra Z(A) and the
boundaries form a bi-graded two-sided ideal B(A) C Z(A), and therefore the ho-
mology H(A) = Z(A)/B(A) also has a bi-graded algebra structure. If { € Z;(A);
is a bi-homogeneous cycle, let y be a new variable of bi-degree (i + 1, j) and denote
by A(y) the unique, up to isomorphism, DG algebra extension of A such that the
differential satisfies d(y) = (, where y is an exterior variable if ¢ is even and a
divided power variable if i is odd (cf. [B, 6.1.1]). For any proper bi-homogeneous
ideal J C Ag we can construct a semi-free DG algebra resolution A(Y") of the factor
ring Ag/J, where Y = Ui>1 Y; and Y; is a finite set of bi-homogeneous variables of
homological degree i such that 9(Y;) minimally generates J modulo 9(A;) and the
homology classes of each 0(Y;,11) minimally generate the Ag-module H, (A(Y<,)).
Here Yg,, is short for {J;¢,, ¥i. A DG algebra A(Y) obtained in this way is called
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an acyclic closure of Ay/J over the DG algebra A and the variables Y are called
I'-variables. Notice that the i-th homology of A(Yc,) vanishes for 0 < i < n.

A theorem proved independently by Gulliksen and Schoeller (cf. [20], [3I]) states
that an acyclic closure R(Y) of k over the DG algebra A = Ay = R is in fact a
minimal resolution of k over R, from which one can easily deduce that the i-th
deviation is equal to the number of I'-variables in homological degree i:

ei(R) = Card(Y;).

It follows in particular that &;(R) > 0. Note that R(Y;) is the Koszul complex K%
of R with respect to m. Basic homological properties of R can be characterized
in terms of the vanishing of deviations, as illustrated in the following discussion,
which explains the use of the word “deviation” (cf. [5], 7.3]).

Remark 2.1. The first deviation &1 (R) is equal to the embedding dimension of R,
thus the following conditions are equivalent: (i) R is a field, (ii) e1(R) = 0, (iii)
gi(R) = 0 for every i > 1. The exactness of the Koszul complex K% gives the
following equivalent conditions: (i) R is regular, (ii) e2(R) = 0, (iii) &;(R) = 0 for
every ¢ > 2. Finally, theorems of Assmus [2], Halperin [21I] and Tate [33] give the
following equivalent conditions: (i) R is a complete intersection, (ii) e3(R) = 0, (iii)
g;(R) =0 for every i > 3, (iv) ¢;(R) = 0 for some i > 3.

Following the notation in the construction of acyclic closures, denote by p the
homogeneous maximal ideal of Ag. Given J C p? a homogeneous ideal and starting
from Ap, we can build another bi-graded DG algebra free resolution Ag[X] of Ag/J
over Ay by following the same steps above, but adjoining polynomial variables
(instead of divided powers) to kill cycles in odd degrees. A DG algebra resolution
obtained in this way is called a minimal model of Ay/J over Ay. If we do not
require 9(X,,4+1) to generate H,(Ao[X<n]) minimally for each n > 1, then the
resolution obtained is simply called a model of Ay/J over Ag. Analogously to
minimal free resolutions, an equivalent condition for a model to be minimal is that
A(X1) C p? and (Xpi1) C pXp + 1) Xi(Ag[X])pi for n > 1 (cf. B 7.2.2)).
Minimal models always exist and are unique up to isomorphism (cf. [5, 7.2.4]).
If J is a complete intersection or if Ag is of equal characteristic zero, then Ay(Y")
and Ap[X] are isomorphic as DG algebras. However they differ in general (cf.
[5l 6.1.10)).

The following theorem due to Avramov shows that minimal models also carry
information about deviations [5], 7.2.5, 7.2.6]. We include here the statement in the
standard graded case:

Theorem 2.2 (Avramov). Let S = k[Th,...,T,]) andn=(Ty,...,T,). Let I be a
homogeneous ideal such that I C n? and R = S/I. Let S[X] be a model of R over
S. Then Card(X;) > e;11(R) for every i > 1. Furthermore, equality occurs for
every i if and only if S[X] is a minimal model of R over S.

Hence, it is possible to compute ¢;(R) by computing a minimal model of R over
S. Some applications of this fact and a finer analysis of the sequence of deviations
for edge ideals of special graphs are given in [I1].

Finally, a third context where deviations arise naturally is that of homotopy Lie
algebras. The homotopy Lie algebra of R is the graded Lie algebra over k

m(R) = H(Derg (R(Y), R(Y)))



5052 ADAM BOOCHER ET AL.

where R(Y') is an acyclic closure of k over R and Der),(R(Y'), R(Y')) denotes the DG
module of R-linear I'-derivations (cf. [5, 6.2.2]). Its universal enveloping algebra
is Extr(k, k) and the dimension of the graded component 7¢(R) is ;(R). A result
due to Avramov and Lofwall states that R is Golod if and only if 722(R) is the
free graded Lie algebra generated by the vector space Homy (X H 517 k), where H®
denotes the homology of the Koszul complex of R. We refer to [5, Chapter 10] for
more details on the subject.

3. EXTREMAL DEVIATIONS

The goal of this section is to study extremal deviations among ideals with a
given Hilbert series. The first main result of this section is Theorem [B.Il where
we show that the deviations of S/I are at most equal to those of S/in.(I) for any
term order <. The second main result is Theorem [3.4] where we show that among
all rings S/I with the same Hilbert series, the ring S/L has the largest deviations,
where L denotes the lex-segment ideal of S/I. We modify a standard deformation
argument and apply it to minimal models.

A non-negative integer function w on the set {71,...,T,} is called a weight for
S; we can extend it to arbitrary monomials in S by w(T}* -+ - T») = viw(Th)+- - -+
vpw(Ty,). Given a polynomial f € S, we denote the highest weight of a monomial
in the support of f by w(f) and the sum of the terms of f with weight equal to
w(f) by in,(f). Let t be a new variable and define the ideal

I, = (t“(f)f(t_“’(Tl)Tl, e T IIT Y f e 1) C S[t].

Notice that upon setting ¢ = 0 in I, we obtain in,I := (in,(f) | f € I) whereas
upon setting ¢ = 1 we obtain I. If < is a term order, there is always a weight w so
that in, I = inT (cf. [22] 3.1.2]).

Theorem 3.1. Let S = k[Ty,...,T,], n=(T1,...,T,), and w be a weight for S. If
I Cn? is a homogeneous ideal, then we have ;(S/1) < €;(S/in,I) for everyi > 1.
In particular, if < is a term order on S, then £;(S/I) < £;(S/inI) for everyi > 1.

Proof. The result holds for i = 1 as 1(S/I) = n = e1(S/in, ). We extend w to a
weight w’ for S[t] by setting w'(T;) = w(T;) and w'(¢) = 1; then I, is a homogeneous
ideal of S[t] under the grading induced by w’. Let S[t][X] be a minimal model of
S[t]/I, over S[t]. Since ¢ and t — 1 are regular on S[t]/I, by [22, 3.2.5], it follows
from [22], 3.2.6] that S[t][X] ®gp S[t]/(t) and S[t][X] ®gpq S[t]/(t — 1) are free S-
resolutions of S/in, I and S/I respectively, and hence models over S, as they inherit
the DG algebra structure.
Since S is positively graded by the grading induced by w, a direct adaptation of

the proof of [5l, 7.2.2] allows us to conclude that

n—1

O(X1) C (1,07 O(Xu1) C (0Xa+ 3. X (SHIXD,_, in>1

i=1
hence the model S[t][X] ®gpy S[t]/(t) is minimal as a model of S/in, I over S. By
Theorem 2.2] we conclude that for every ¢ > 2

£;(S/in,I) = Card(X;_1) = &;(S/I).
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Serre showed that the following coefficientwise inequality of formal power series
holds:

R (1+2)"
R S O
The ring R is called Golod if the equality is achieved; we refer the reader to
[5. Chapter 5] for a thorough treatment of Golod rings. If I,J C (Ty,...,T,)?
are two homogeneous ideals such that S/J is Golod and 37(S/I) < 37(S/J) for
all 4, the inequality P,f/j(z) = Pks/‘](z) holds (cf. [27), proof of 1.3]). In the next
proposition we prove the analogous statement for deviations.

Proposition 3.2. Let S = k[Ty,...,T,] and I,J C S be two homogeneous ideals.
If S/I and S/J are Golod rings such that B (S/I) < B(S/J) for all i, then
ei(S/I) < e;(S/J) for every i = 2.

Proof. Let R be a Golod ring, H® the homology of the Koszul complex of R,
and 7(R) the homotopy Lie algebra of R. Then 722(R) is the free graded Lie
algebra generated by the vector space Homk(EHgl, k), and g;(R) = dimy, 7*(R) for
every i (cf. Section ). Since 87(R) = dimy, HE for every 4, the desired inequality
follows. O

Remark 3.3. If we remove the assumption that S/I and S/.J are Golod rings, then
the result is not true. Indeed, one can take I = (T2, T1T3) and J = (T2, T%). While
these ideals share the same Betti numbers over S, e3(S/I) = 1 and 3(S/J) = 0.

Let < be a term order on S. It is well known that there exists a non-empty
Zariski open subset & C GL,, (k) such that the ideal in<(g- I) is the same for every
g € U, where g - I denotes the image of I under the change of coordinates in §
defined by g (cf. [22] 4.1.2]). This ideal is called the generic initial ideal of I
with respect to < and is denoted by gin_I. An important property of gin_1I is
that it is fixed by the action of the Borel subgroup of GL,,(k); when char k = 0 this
means that gin_1I is strongly stable (cf. [22], 4.2.1, 4.2.6]), thus S/gin_1I is a Golod
ring by [23, Theorem 4].

Let HF; denote the Hilbert function of the ideal I. The lex-segment ideal of T
is the vector space spanned by the lexicographically first HF ;(d) monomials of .S in
each degree d. It was shown in [10], [24], [26] that for any ideal J with HF ; = HF,
and every ¢ > 0 we have

(3.1) Bi(S/J) < Bi(S/L).

Note that the ideal L is strongly stable, and therefore S/L is a Golod ring.
We present now the second main result of this section. We provide two proofs;
although the second only works in characteristic zero.

Theorem 3.4. Let S = k[T1,...,T,] and n = (T1,...,T,). Let I C n? be a
homogeneous ideal and L be the lex-segment ideal of I. Then, for every i > 1,

e:(S/T) < ;(S/L).

Proof 1. We follow the construction of Pardue in [26]; our approach is similar to
the one in the proof of the main result in [28]. Pardue’s proof shows that any
ideal in the Hilbert scheme is connected to the lex-segment ideal by a sequence
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of deformations and degenerations. It suffices to show that in each step described
below, the deviations do not decrease. The result is clear for i = 1, so let 7 > 2.

(1) Generic changes of coordinates. Since deviations depend only on the iso-
morphism class of R, generic changes of coordinates preserve deviations.

(2) Passing to an initial ideal. This follows by Theorem Bl

(3) Polarization and then factoring out generic hyperplane sections. It is well
known that an ideal I and its polarization are related via a regular sequence
of linear forms. Finally, the generic hyperplane sections that Pardue em-
ploys are always a regular sequence, so by [5 7.1.6] the deviations do not
decrease from the second one on. (]

Proof 2 (chark = 0). We may assume that ¢ > 1. Let g be a generic change of
coordinates. By Theorem [B.I] we have for all i

&i(S/1) = &i(S/(g- 1)) < &i(S/inc(g - 1)) = &i(S/ginI).
Since S/(gin_I) and S/L are Golod rings and HFgin_; = HF; = HF, the conclu-
sion follows from (3I]) and Proposition O

Remark 3.5. We deduce from (1) that Bf/l(k:) can be written as a function of
the deviations €;(S/I) using only sums, products, and binomial coefficients, see
also [Bl 7.1]. Thus, a pointwise inequality for the deviations implies a pointwise
inequality for the Betti numbers of k. In this way from Theorem [3.I] we recover the
well-known fact that the Poincaré series of the residue field can only grow larger
when passing to an initial ideal:

P (z) = P (2)
whereas from Theorem [3.4] it follows that considering the lex-segment ideal gives
the largest Poincaré series among all ideals of S with the same Hilbert series, a fact
originally proved in [27]:

S/1 S/L

P (2) = P ().
However, the next example shows that a pointwise inequality for the Betti numbers
of k does not necessarily imply a pointwise inequality for the deviations.

Example 3.6. Let S = k[T, ...,Ts]. Denote by Rg and Rg the quotients of S by
6 and 8 generic quadrics, respectively; we determine their Poincaré series following
[30). The two rings have the property L3 (cf. [30, pp. 480, 482]), and thus their
Poincaré series satisfy the equation

1 1+i HSg(—2)
PF(z)  HSa(2) z
where A is the subalgebra of the Yoneda algebra Ext g (k, k) generated by Ext}{(k, k).

A is the enveloping algebra of a graded Lie algebra n = EBZ->1 n’ generated in degree
1. Therefore, its Hilbert series is given by

(3.3) HSA() =[] %

i=1

(3.2)

o0

where e; = dimy n° (notice that these are not the deviations of R).
The Hilbert series of the two rings are HSg,(2) = 14+52+922+523 and HS g, (2) =
1+ 5z + 722, In order to determine the e;, we proceed as in [30, p. 487]. We only



ON THE GROWTH OF DEVIATIONS 5055

show the computations for the case of 6 quadrics, the other case being analogous.
The series HS 4(z) is equal to the diagonal power series

(3.4) D B (k)2 =1+ 5z 4 162% 4 402° 4 862* 4 1662° + 2962 + - - .

i>0
Comparing (3.3) and [B4) we find that e; = 5, so we divide 34) by (1 + 2)°
HS4(2) 2 4 6
3.5 ——= =146 21 56 e
(3.5) (o5 = L1057 +2120 456" +

from which we find that e; = 6. Now we multiply (3.5) by (1 — 2%)¢ and get
(1 —22)5HS4(2)
(1+2)°
Hence n® = 0 and, since 7 is generated in degree 1, we conclude that 7° = 0 for all
1= 3.
From (32) we obtain

(3.6) =14+0z+022+05+---.

1
(2 —1)(26 — 325 + 24 + 523 — 522 + 42— 1)’

and in the same way we obtain

P,fﬁ (2) =

2 5
—(22—2z+1)
PRs () — (2 —z
k (Z) d(Z) 9
where d(z) = 2" —92'7 4+ 3721 — 93215 4 1602 — 1922'3 + 13622 + 312"
270210 4+ 50527 — 6642% + 71027 — 63625 + 47925 — 20424 + 14023
— 472 410z — 1.

Using these expressions we compute the first few deviations and find
E4(R6) =16>9= 84(R8)

whereas we verify that Bf‘“(k‘) < Bf‘s(k) for i = 0,...,9. Finally, using partial
fraction decompositions for P,fﬁ (z) and P,fs(z) we obtain estimates for the Betti
numbers, showing that 8% (k) < 5% (k) for all i > 10, and thus

Bl (k) < pls(k) forall 7> 0.
4. EXPONENTIAL GROWTH OF DEVIATIONS

The goal of this section is to prove that, when R is not a complete intersection,
deviations grow exponentially if R is Golod (cf. Theorem [£3) or if R is a Koszul
algebra with the same Hilbert series as a ring presented by the edge ideal of a
claw-free graph (cf. Theorem [4)).

We now briefly introduce Koszul algebras, referring to [L3] for a survey on the
topic. The ring R is a Koszul algebra if the minimal free R-resolution of k
is linear, i.e., ﬁ(k) = 0 whenever ¢ # j. If R is Koszul, then [ is generated
by quadrics; however, these two conditions are not equivalent. For instance, if
I = (T2, 13,73, T, T\'T> + T5Ty), then 4§, (k) # 0. By a classical theorem of
Froberg, R is Koszul if I is a quadratic monomial ideal (cf. [16]). Denote the
Hilbert series of R by HSg(z) = >, dimy(R;)2"; then R is Koszul if and only if the
following identity occurs:

(4.1) PE(2)HSg(—2) = 1.
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The following proposition provides a compact formula for deviations when the
Poincaré series has a certain form.

Proposition 4.1. Let S = k[T1,...,T,] and R = S/I with I C n? a homogeneous
ideal. Assume there exist c € N and complex numbers {a;}1<j<m so that PE(z) =
(14+2)°

e, (rey ) Then for every i > 2

gi(R) = (_Z-l)i Zﬂ(%) Zm:a?’

dli j=1

where i is the Mébius function.

Proof. Set g; := g;(R). From (T)) and the assumption we obtain

ad i (-1 re; _ i
(42) [[1-= [T (- a5)

Proceeding as in [29, p. 23], we apply natural logarithm at both sides of (2],
and compare the coefficient of 2% of the corresponding Maclaurin series to obtain
2dli (-1)4deg = —c+ Z;nzl a’. The result now follows by applying the Mdbius
inversion formula to the arithmetic function f(i) = (—1)%s; and using the fact that
>_qi M(d) = 0 for every i > 2. O

Note that the assumption of Proposition [1lis satisfied by several classes of rings,
including complete intersections (cf. [33]), monomial rings (cf. [§]), Golod rings
(cf. Section B)), and Koszul algebras, (cf. equation ([@Il)). Given two numerical
sequences {a;}i>1,{b;}i>1, the expression a; ~ b; stands for asymptotic equality,
ie., lim;_ oo ‘g— =1.

Example 4.2. Consider a Koszul algebra R with h-polynomial h(z) = 1 + mt for
some m € N. This holds for instance for I = (T%,...,T,,)%> C S = k[T1,...,Tn)
or I = (1|1 <i<j<m+1) CS=k[T,...,Tnt1] (the edge ideal of the
complete graph K,,11). By Proposition 1], for each i > 2 we have

= S 2

dli

We present next the first main result of this section. We show that deviations
grow exponentially for Golod rings that are not complete intersections. For similar
techniques applied to Betti numbers, see [32].

Theorem 4.3. Let S = k[Ty,...,T,] andn= (T1,...,T,). LetI be a non-principal
homogeneous ideal such that I C 0% and R = S/I. If R is a Golod ring, then there
exists a real number p > 1 so that
i

Proof. Let r be the radius of convergence of Pf(z). The ring R is not regular,
hence r < 1 as the power series P[Y(z) is infinite. Since R is Golod and not a
hypersurface, it is not a complete intersection (see [B, p. 47, Remark]), therefore
0 <r <1by [5 4.2.3, 8.2.2]. Moreover, since R is Golod, we have P{t(z) = (tz)°

v(z)
inside Bc(0,7), where v(z) =1 — Y1 | B7(R)2'*L.
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Now, since P{(z) is a rational function, it has singularities with absolute value
r, and since it has non-negative real coefficients, we conclude that r is a singularity
of Pf(z). Hence, r is a root of v(z). We will show that r is a simple root of v(2)
and such that it is the only root on the boundary of B¢(0,7). The result will follow
by Proposition @llas oy = —2 and || < || otherwise.

Set 8; := Bis(R). Since I is not principal, we have 1, B2 > 0. Therefore 7 is a
simple root of v(z) as v/(r) = = > (i + 1)Bir* < 0. If y # r and |y| = r, then
y & R>o and hence

1B1Y* + Boy®| = 12(B1 + Bay| < r*(Br + Bor) = Bir® + Bor®.

Thus
}Zﬁiylﬂ‘ <|Biy” + oy’ + ‘ Zﬁiyzﬂ} <Y Bttt =1,
i=i =3 i=1
i.e., y is not a root of v(z). O

Let G be a graph with vertices {vy,vs,...,v,}. Denote by
I(G) = (T;Tj | viv; is an edge of G) C S
its edge ideal. By Froberg’s theorem, an algebra R presented by an edge ideal is
Koszul.
A graph with four vertices and edges {{vi,v2}, {v1,vs}, {v1,v4}} is called a
claw (see Figure[Il). A simple graph G is said to be claw-free if no claw appears
as an induced subgraph of G. Note that complete graphs are claw-free (cf. ([£2)).

N

FIGURE 1. A claw.

The following theorem shows that the asymptotic behavior of deviations observed
in Example holds more generally.

Theorem 4.4. Let S = k[Ty,...,T,] and R = S/I(G) where G is a graph. If G is
claw-free, then there exist b € N and p € R with p > 1 so that
bp'

Proof. Let r be the radius of convergence of PF(z). By (@) we have that PF(z) =

(;EL_ZZ))C inside B¢(0,7), where h(z) is the h-polynomial of R and ¢ = dim(R). Since
R is not a complete intersection, we conclude as in the proof of Theorem (3] that
0 <r < 1and —ris aroot of h(z); let b be the multiplicity of this root. The result
will follow as in the proof of Theorem (3] via Proposition ] once we show that
—r is the only root of h(z) on the boundary of B¢(0,r).

Let A be the independence complex of G, i.e., the simplicial complex having I(G)
as its Stanley-Reisner ideal. By [12] 1.1], f(2), the f-polynomial of A, has only real
roots because G is a claw-free graph; hence so does h(z) as these two polynomials
satisfy the relation h(z) = (1 — 2)?f(1%;) for every z # 1. Since r is not a root of

h(z) (see [34] 4.8]), the result follows. O
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Remark 4.5. Theorem 3]l provides another class of graphs G whose deviations grow
exponentially, namely those whose complementary graph is chordal. By [I7], these
graphs G are precisely the ones such that I(G) has a linear resolution (note that in
this case the characteristic of the field k is not relevant), and thus S/I(G) is Golod
by [9, Theorem 7].

Example 4.6. We now examine in detail the deviations for paths P, and cycles
C,, on n vertices, with n > 3 (see also [T}, 2.6]). Consider the f-polynomial and
the h-polynomial of the independence complex of these graphs. The roots of f for
Cy, and P,, are determined explicitly in [I] and are respectively

1 n
o RN
c , s=1,2,..., ,
® 2(1 + cos(2=17)) 2
1 n+1
O S =1,2,... { J
Ps 2(1+ cos(flf[;)) ’ R A

From the relation between the f-polynomial and the h-polynomial we have

is a root of h.

) T
T # —1lis aroot of f < T
Note that k(1) # 0. For each s, n we have cS"),pQ") < 0 and in both cases s = 1 gives
the root 7 of f with minimum modulus. Note that 7 € [—3,0). Let o & {r, -1}
be another root of f. If o < —1, then |[{7;[ > 1 > [{T[, while if -1 <o < 7,
then |17 | > [{T>| because the map x — |F;| is strictly decreasing on (—1,0]. It
follows that the root of minimum modulus of h is the image of the root of minimum
X

modulus of f via the map x — 7. For both C, and P,, this root converges to
1

—3 as n goes to infinity. Applying Theorem B4l we get that
(2(1 +cos(Z)) — 1)
&i(S/1(Cp)) ~ . ;

(2(1+ cos(nQ—fz)) — 1)i.

ei(S/1(Pn)) ~

. . . 37
As n goes to infinity, both expressions on the RHS approach =-.
We observe that the integer b in Theorem (4] can be arbitrary.

Example 4.7. If G consists of m connected components, each of them being a
copy of Py, then h(z) = (1 + 22)™ and hence b = m in Theorem A4

Remark 4.8. Theorem 4] can also be used to produce examples of non-monomial
Koszul algebras with exponential growth of deviations: by (&I, two Koszul alge-
bras with the same h-polynomial must have the same deviations for ¢ > 2.

We conclude by asking a combinatorial question.

Question 4.9. Let G be a graph and let h be the h-polynomial of S/I(G). Does h
have a unique (but not necessarily simple) root of minimum modulus?

Note that, since we already know there exists a negative real root of h of mini-
mum modulus, an affirmative answer to Question would imply the exponential
growth of deviations of S/I(G) for any graph G such that S/I(G) is not a complete
intersection. Moreover, it is already known that the f-polynomial of the indepen-
dence complex of G admits a unique (but not necessarily simple) root of minimum
modulus (cf. [18], [14]).



ON THE GROWTH OF DEVIATIONS 5059

ACKNOWLEDGEMENTS

The authors would like to thank the organizers and participants of Pragmatic
2014, where this project started. They thank especially the lecturers, Aldo Conca,
Srikanth Iyengar and Anurag Singh, for introducing them to this and related top-

ics,

and for enlightening discussions. The authors additionally thank their PhD

advisors. Computations using Macaulay2 [19] were helpful in the preparation of
this paper. Finally, they thank the referee for useful suggestions.

(1]

[9]
[10]

[11]

[12]

13]

(14]
(15]
[16]
(17]

(18]

(19]

REFERENCES

Saeid Alikhani and Yee-hock Peng, Independence roots and independence fractals of certain
graphs, J. Appl. Math. Comput. 36 (2011), no. 1-2, 89-100, DOI 10.1007/s12190-010-0389-4.
MR2794133

E. F. Assmus Jr., On the homology of local rings, Nllinois J. Math. 3 (1959), 187-199.
MRO0103907

L. L. Avramov, Flat morphisms of complete intersections (Russian), Dokl. Akad. Nauk SSSR
225 (1975), no. 1, 11-14. MR0396558

Luchezar L. Avramov, Local algebra and rational homotopy, Algebraic homotopy and local
algebra (Luminy, 1982), Astérisque, vol. 113, Soc. Math. France, Paris, 1984, pp. 15-43.
MR749041

Luchezar L. Avramov, Infinite free resolutions, Six lectures on commutative algebra
(Bellaterra, 1996), Progr. Math., vol. 166, Birkhéauser, Basel, 1998, pp. 1-118. MR 1648664
Luchezar L. Avramov, Aldo Conca, and Srikanth B. Iyengar, Free resolutions over
commutative Koszul algebras, Math. Res. Lett. 17 (2010), no. 2, 197-210, DOI
10.4310/MRL.2010.v17.n2.a1. MR2644369

I. K. Babenko, Analytic properties of Poincaré series of a loop space (Russian), Mat. Zametki
27 (1980), no. 5, 751-765, 830. MR578259

Jorgen Backelin, Les anneauz locauz a relations monomiales ont des séries de Poincaré-Betti
rationnelles (French, with English summary), C. R. Acad. Sci. Paris Sér. I Math. 295 (1982),
no. 11, 607-610. MR686351

Jorgen Backelin and Ralf Froberg, Koszul algebras, Veronese subrings and rings with linear
resolutions, Rev. Roumaine Math. Pures Appl. 30 (1985), no. 2, 85-97. MR789425

Anna Maria Bigatti, Upper bounds for the Betti numbers of a given Hilbert function, Comm.
Algebra 21 (1993), no. 7, 2317-2334, DOI 10.1080/00927879308824679. MR1218500

Adam Boocher, Alessio D’Ali, Eloisa Grifo, Jonathan Montano, and Alessio Sammartano,
Edge ideals and DG algebra resolutions, Matematiche (Catania) 70 (2015), no. 1, 215-238.
MR3351467

Maria Chudnovsky and Paul Seymour, The roots of the independence polynomial of a clawfree
graph, J. Combin. Theory Ser. B 97 (2007), no. 3, 350-357, DOI 10.1016/;.jctb.2006.06.001.
MR2305888

Aldo Conca, Koszul algebras and their syzygies, Combinatorial algebraic geometry, Lecture
Notes in Math., vol. 2108, Springer, Cham, 2014, pp. 1-31, DOI 10.1007/978-3-319-04870-3_1.
MR3329085

Péter Csikvari, Note on the smallest root of the independence polynomial, Combin. Probab.
Comput. 22 (2013), no. 1, 1-8, DOI 10.1017/S0963548312000302. MR3002570

Y. Félix and J.-C. Thomas, The radius of convergence of Poincaré series of loop spaces,
Invent. Math. 68 (1982), no. 2, 257-274, DOI 10.1007/BF01394059. MR666163

Ralph Froberg, Determination of a class of Poincaré series, Math. Scand. 37 (1975), no. 1,
29-39. MR0404254

Ralf Froberg, On Stanley-Reisner rings, Topics in algebra, Part 2 (Warsaw, 1988), Banach
Center Publ., vol. 26, PWN, Warsaw, 1990, pp. 57-70. MR1171260

Massimiliano Goldwurm and Massimo Santini, Clique polynomials have a unique root of
smallest modulus, Inform. Process. Lett. 75 (2000), no. 3, 127-132, DOI 10.1016/S0020-
0190(00)00086-7. MR1776664

D. R. Grayson, M. E. Stillman, Macaulay2, a software system for research in algebraic ge-
ometry, available at www.math.uiuc.edu/Macaulay2/.


http://www.ams.org/mathscinet-getitem?mr=2794133
http://www.ams.org/mathscinet-getitem?mr=0103907
http://www.ams.org/mathscinet-getitem?mr=0396558
http://www.ams.org/mathscinet-getitem?mr=749041
http://www.ams.org/mathscinet-getitem?mr=1648664
http://www.ams.org/mathscinet-getitem?mr=2644369
http://www.ams.org/mathscinet-getitem?mr=578259
http://www.ams.org/mathscinet-getitem?mr=686351
http://www.ams.org/mathscinet-getitem?mr=789425
http://www.ams.org/mathscinet-getitem?mr=1218500
http://www.ams.org/mathscinet-getitem?mr=3351467
http://www.ams.org/mathscinet-getitem?mr=2305888
http://www.ams.org/mathscinet-getitem?mr=3329085
http://www.ams.org/mathscinet-getitem?mr=3002570
http://www.ams.org/mathscinet-getitem?mr=666163
http://www.ams.org/mathscinet-getitem?mr=0404254
http://www.ams.org/mathscinet-getitem?mr=1171260
http://www.ams.org/mathscinet-getitem?mr=1776664

5060 ADAM BOOCHER ET AL.

[20] Tor Holtedahl Gulliksen, A proof of the existence of minimal R-algebra resolutions, Acta
Math. 120 (1968), 53-58. MR0224607

[21] Stephen Halperin, The nonvanishing of the deviations of a local ring, Comment. Math. Helv.
62 (1987), no. 4, 646-653, DOI 10.1007/BF02564468. MR920063

[22] Jiirgen Herzog and Takayuki Hibi, Monomial ideals, Graduate Texts in Mathematics, vol. 260,
Springer-Verlag London, Ltd., London, 2011. MR2724673

[23] J. Herzog, V. Reiner, and V. Welker, Componentwise linear ideals and Golod rings, Michigan
Math. J. 46 (1999), no. 2, 211-223, DOI 10.1307/mmj/1030132406. MR1704158

[24] Heather A. Hulett, Mazimum Betti numbers of homogeneous ideals with a given Hilbert
Sfunction, Comm. Algebra 21 (1993), no. 7, 2335-2350, DOI 10.1080/00927879308824680.
MR1218501

[25] J. Mccullough, I. Peeva, Infinite graded free resolutions, to appear in Commutative Alge-
bra and Noncommutative Algebraic Geometry (Eisenbud, Iyengar, Singh, Stafford, Van den
Bergh, Eds.), Math. Sci. Res. Inst. Publ., Cambridge University Press.

[26] Keith Pardue, Deformation classes of graded modules and mazimal Betti numbers, Illinois J.
Math. 40 (1996), no. 4, 564-585. MR1415019

[27] Irena Peeva, 0-Borel fized ideals, J. Algebra 184 (1996), no. 3, 945-984, DOI
10.1006/jabr.1996.0293. MR1407879

(28] Irena Peeva, Consecutive cancellations in Betti numbers, Proc. Amer. Math. Soc. 132 (2004),
no. 12, 3503-3507, DOI 10.1090/50002-9939-04-07517-3. MR2084070

[29] Alexander Polishchuk and Leonid Positselski, Quadratic algebras, University Lecture Series,
vol. 37, American Mathematical Society, Providence, RI, 2005. MR2177131

[30] Jan-Erik Roos, On computer-assisted research in homological algebra, Math. Comput. Sim-
ulation 42 (1996), no. 4-6, 475-490, DOI 10.1016/S0378-4754(96)00023-7. Symbolic compu-
tation, new trends and developments (Lille, 1993). MR 1430835

[31] Colette Schoeller, Homologie des anneaux locauz noethériens (French), C. R. Acad. Sci. Paris
Sér. A-B 265 (1967), A768-A771. MR0224682

[32] Li-Chuan Sun, Growth of Betti numbers of modules over local rings of small embedding
codimension or small linkage number, J. Pure Appl. Algebra 96 (1994), no. 1, 57-71, DOI
10.1016,/0022-4049(94)90087-6. MR 1297441

[33] John Tate, Homology of Noetherian rings and local rings, Illinois J. Math. 1 (1957), 14-27.
MRO0086072

[34] Jan Uliczka, Remarks on Hilbert series of graded modules over polynomaal rings, Manuscripta
Math. 132 (2010), no. 1-2, 159-168, DOI 10.1007/s00229-010-0341-9. MR2609292

SCHOOL OF MATHEMATICS, UNIVERSITY OF EDINBURGH, JAMES CLERK MAXWELL BUILDING,
MAYFIELD ROAD, EDINBURGH EH9 3JZ, SCOTLAND
E-mail address: adam.boocher@ed.ac.uk

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI GENOVA, VIA DODECANESO 35,
16146 GENOVA, ITALY
E-mail address: dali@dima.unige.it

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF VIRGINIA, 141 CABELL DRIVE, KERCHOF
HarrL, CHARLOTTESVILLE, VIRGINIA 22904
E-mail address: er2eq@virginia.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KANSAS, 405 SNOw HALL, 1460 JAYHAWK
BOULEVARD, LAWRENCE, KANSAS 66045
E-mail address: jmontano@ku.edu

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, 150 NORTH UNIVERSITY STREET, WEST
LAFAYETTE, INDIANA 47907
E-mail address: asammart@purdue.edu


http://www.ams.org/mathscinet-getitem?mr=0224607
http://www.ams.org/mathscinet-getitem?mr=920063
http://www.ams.org/mathscinet-getitem?mr=2724673
http://www.ams.org/mathscinet-getitem?mr=1704158
http://www.ams.org/mathscinet-getitem?mr=1218501
http://www.ams.org/mathscinet-getitem?mr=1415019
http://www.ams.org/mathscinet-getitem?mr=1407879
http://www.ams.org/mathscinet-getitem?mr=2084070
http://www.ams.org/mathscinet-getitem?mr=2177131
http://www.ams.org/mathscinet-getitem?mr=1430835
http://www.ams.org/mathscinet-getitem?mr=0224682
http://www.ams.org/mathscinet-getitem?mr=1297441
http://www.ams.org/mathscinet-getitem?mr=0086072
http://www.ams.org/mathscinet-getitem?mr=2609292

	1. Introduction
	2. Preliminaries
	3. Extremal deviations
	4. Exponential growth of deviations
	Acknowledgements
	References

